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Abstract 

Flavor symmetry has been widely studied for figuring out the masses and mixing 
angles of standard-model fermions. In this paper we present a framework for 
handling flavor symmetry breaking where the symmetry breaking is triggered by 
boundary conditions of scalar fields in extra-dimensional space. The alignment 
of scalar expectation values is achieved without referring to any details of scalar 
potential and its minimization procedure. As applications to non-abelian discrete 
flavor symmetries, illustrative lepton mass models are constructed where the 
and Aii flavor symmetries are broken down to the directions leading to the tri- 
bimaximal form of lepton mixing and realistic mass patterns. 



1 Introduction 



The masses and mixing angles of quarks and leptons have been long-standing and inspir- 
ing problems in particle physics. Their observed patterns, e.g. the recent experimental 
result for neutrino generation mixing suggest underlying principles such as grand 
unification and flavor symmetry lying behind the data. 

Flavor symmetry has been widely investigated as a solution to the fermion mass 
problems. Among various flavor groups, a particular attention has recently been paid for 
non-abelian discrete groups such as S3 and A^. These non-abelian discrete symmetries 
have several advantages that they provide a definite meaning for the generation and 
also link up different generations. However flavor symmetry should be broken in a non- 
trivial way while preserving the trace of symmetry structure. Flavor symmetry breaking 
is caused, e.g., by non- vanishing vacuum expectation values of scalar fields, which are 
determined by the minimization of scalar potential. For a non-abelian discrete symmetry 
to leave some imprints in low-energy symmetry-broken theory, the expectation values 
must take specific directions, namely, the vacuum alignment is required. That is usually 
achieved by performing the detailed analysis of scalar potential invariant under flavor 
symmetries [21 [3] . In particular, the vacuum alignment has recently been discussed in 
numbers of lepton mass models which account for the tri-bimaximal form of generation 
mixing [1] as a good approximation of the experimental data. The tri-bimaximal mixing 
implies a specific form of mass matrix for light Majorana neutrinos: = miViv\ 
with vi = (2,-1,-1), V2 = (1,1,1) and vs = (0,1,-1). These inter-family related 
values of matrix elements seem to indicate non-abelian symmetry, vacuum alignment, 
and so hidden structure of nature beyond the standard model. 

In this paper, we present a framework to realize aligned flavor symmetry breaking 
without any elaborated potential analysis. A central ingredient is the global property of 
bulk scalar fields in higher- dimensional space. At the boundaries of extra space, dynam- 
ical conditions for bulk fields are specified to fix the model. That reduces the number of 
degrees of freedom of symmetry groups [5] . This type of symmetry breaking with extra 
dimensions has been applied to, for example, the electroweak gauge symmetry [0] and 
grand unified theory 0. As for fiavor symmetry, a viable breaking mechanism is pro- 
vided by flavor-twisted boundary conditions for bulk fermion fields JE\. In this paper we 
discuss bulk scalar fields charged under the fiavor symmetry, whose expectation values 
are aligned to cause discrete patterns of symmetry breaking. The vacuum alignment is 
archived in our approach by adopting the boundary conditions such that only one light 
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mode survives and it governs all vacuum expectation values in low-energy theory. Our 
method is also applicable to the quark sector and grand unified theory. 

This paper is organized as follows. In Section 2, we first present the general procedure 
to have aligned scalar expectation values and classify the fiavor-group matrix elements in 
the five-dimensional orbifold theory. The next two parts (Sections 3 and 4) are devoted 
to the applications of S3 and A4 fiavor symmetries. We also present illustrative lepton 
mass models with fiavor symmetries and vacuum alignments which are implemented on 
higher- dimensional orbifolds. Section 5 summarizes our results. 



2 General recipe 

In this section, we consider as the simplest example a five-dimensional orbifold theory on 
the flat gravitational background. The generalization to higher dimensions is straight- 
forward. The five-dimensional coordinates arc denoted by {x^,x^) where corresponds 
to the fifth dimension. There are two types of operations on this space; the refiection 
Z : x^ —x^ and the translation T : x^ x^ + 2nL, where L is a constant. They 
trivially satisfy TZ = ZT~^. On field variables living in the bulk, these operations are 
expressed in terms of matrices in the field space: 

= Z-^(l)(-x^), f(t){x^) = T-^(t){x^ + 2t:L). (2.1) 

Let us suppose the extra space is compactified on the jZ^ orbifold with the radius L. 
This is achieved by the identifications Z{x^) = x^ and T{x^) = x^. On this orbifold, 
there are two fixed points (boundaries) at a;^ = and x^ = nL. The boundary conditions 
of bulk fields in compactifying the extra dimension are then defined by the identifications 
Z<f){x^) = (j){x^) and f<j){x^) = <j){x^). 

It is noted that possible boundary conditions for bulk fields are limited by several 
consistency relations. First, since Z behaves as parity, available choices are 

Z^ = 1. (2.2) 

In addition, for the translation, the matrix T must satisfy the relation 

ZT = T-^Z. (2.3) 

Clearly not all types of boundary conditions are allowed. For example, in the case that 
Z is trivial (the unit matrix), the translation matrix T is limited to = 1. That is 
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more easily seen by defining another parity operation Z' = TZ, which is interpreted 
as the reflection about = vrL. The consistency relation (12.31) just implies {Z')'^ = 1, 
where Z' is the matrix representation of Z' on the field space. 

With a set of boundary conditions, bulk fields are expanded by Kaluza-Klein modes. 
After integrating over the fifth dimension, we obtain a four-dimensional effective theory 
below the compactification scale 1/L. In the low-energy theory, the physics is described 
by zero modes. In this paper, we focus on bulk scalar fields. They are assumed to be 
non-trivially charged under the flavor symmetry. The boundary condition determines 
which components of bulk scalars have (massless) zero modes. These zero modes are 
expected to develop their vacuum expectation values in low-energy effective theory and 
then contribute to Yukawa operators for quarks and leptons. The expectation values 
are determined, for example, a la Coleman- Weinberg [H] or by use of boundary terms 
whose existence is however irrelevant to the following discussion, and further details are 
not considered in this paper. On the other hand, other excited modes are superheavy 
and stabilized at the origin with vanishing expectation values. 

An idea is that a specific boundary condition is adopted under which only one zero 
mode remains in low-energy theory. All non-vanishing expectation values are controlled 
by this single zero mode and therefore related to each other, i.e., the vacuum alignment 
is established. If there are more than one zero modes, several directions of the vacua 
are degenerate and generally depend on free model parameters. It is noted that this 
procedure makes sense in phenomenology only for non-abelian and discrete symmetries. 
For an abelian or continuous symmetry, the vacuum described by multi field values is 
generally determined by continuous parameters and therefore the alignment does not 
work. 

Here we give a general recipe for non-abelian discrete symmetry breaking in the fifth 
dimension S^/Z2 such that only a single zero mode survives. The bulk theory has a 
flavor symmetry acting on the three-generation quarks and leptons. We introduce bulk 
scalar fields 0j {i = 1, 2, 3) which transform as a triplet under the flavor symmetry. The 
triplet representation can be reducible. The boundary conditions for the scalars (pi are 
given by 

Z : (f){-x^) = Z(f){x^), (2.4) 

f: (f){x^ + 2ttL) = T(j){x^). (2.5) 

Here Z and T are the unitary representation matrices of flavor symmetry group and 
act on the generation space. The consistency relations require Z^ = [ZT)"^ = 1- This 
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implies that for each choice of the matrix Z, it can be rotated to the diagonal form; 
Z = diag(pi,p2,P3) with pi = ±1. For a positive (negative) parity element pi = +1 
{pi = —1), a corresponding bulk field has an even (odd) wavefunction about the extra- 
dimensional coordinate. Therefore the number of zero modes is given by that of positive 
parity elements when one takes into account the Z boundary condition only. A fast 
conclusion at this stage is that at least one positive parity elements are needed to have 
one zero mode. Therefore we fix pi = +1 in the following discussion in this section. 
To include another boundary condition taken into account, it is useful to express the 
translation matrix as T = e'^*^ where W is the hermite 3x3 matrix written in the basis 
where Z is diagonal. From the boundary condition (12.51) . the mode expansion is found 
to be 



{x'^,x^) = ^ ( exp 



hn] — 

2 J Li 



n 



fix''). (2.6) 



The even (cosine) or odd (sine) function part is chosen depending on the parity assign- 
ment for (pi. From this mode expansion, we find that massless zero modes are obtained 
when W has zero eigenvalues (mod 2). There are two types of boundary conditions for 
realizing a single zero mode: 

I. The number of massless mode is reduced to 1 with either Z or T only. This is the 
case that the matrix Z has one positive parity, i.e., pi = +1 and P2 = Pa = — 1- 
In this basis, W should take the following form: 



(2.7) 



The right-bottom 2x2 sub-matrix (denoted hereafter as w) is hermite and has 
integer eigenvalues so that the consistency relation [ZT)"^ = 1 is satisfied. The 
translation T is commutative with Z and becomes a parity operation, but not nec- 
essarily flavor diagonal. The relative rotation between Z and W is undetermined 
at this stage, but such a freedom is irrelevant to the low-energy phenomenology of 
zero modes. We thus find that a single zero mode appears in (pi. For the fiat extra 
dimension, the roles of two boundaries at = and x^ = ttL are interchangeable. 
This exchange gives another solution, namely Z' = diag(-|-l, —1, —1) and w with 
integer eigenvalues. For any flavor symmetry group, we have such group elements 
of the form (12.71) . For example, T = 1 for w = and T = Z for w = diag(±l, ±1). 
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11. Another type of boundary conditions is that Z and T are in conspiracy to reduce 
the number of zero modes. This is the case that the matrix Z has two positive 
parities, i.e., pi = P2 = +1 and p3 = —1. The corresponding W has either of the 
following two forms. 

The first case is that, like the Type I boundary condition, the translation matrix 
T becomes a parity and commutes with Z . It takes the form 



The 3-3 element in the matrix ( 12. Sp is an integer, but the even integer case is 
equivalent to that in Type I if suitable exchanges of the generation indices and 
two boundaries are performed. The consistency relation (ZT)^ = 1 and the re- 
quirement of a surviving zero mode restrict the left-top sub-matrix has one even 
and one odd eigenvalues. The zero mode is found in a definite linear combination 
of 01 and 02- If the matrix W is expressed in a basis where the first component 
has a zero mode, it has the form W = diag(0, 1,1). 

The second case is that W is non-commutative with Z. We find the most 
general expression to satisfy {ZTY = 1 and to have a single zero mode: 



with a and f3 being arbitrary complex numbers. The exception is that + = 
(even integer)^ in which case there appear two zero modes. The translation matrix 
T obtained from (12.91) coincides with (12.81) just on the point a = 1 and (3 = (or 
vice versa), at which we have a zero mode in 0i. 

Several comments are in order. The interchange of Z and Z' also gives a 
solution. Unlike the Type I boundary condition, there is no relative freedom 
between Z and T. This fact indicates the conspiracy of flavor symmetry breaking. 
Note also that the Type II boundary condition is viable only when the flavor 
symmetry group has a matrix representation X with detX = —1. 

To summarize the result, the general recipe for obtaining a single zero mode is the 
following. First, we diagonalize all representation matrices for a triplet and list up the 
parity matrices with one positive and two negative eigenvalues. The boundary conditions 




(2.8) 




(2.9) 
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with this class of elements directly lead to one zero mode and realize the Type I boundary 
condition. The parity matrices with two positive and one negative eigenvalues are also 
useful if combined with the specific forms of translation, i.e. ( 12. Sp or (12. 9p . The matrix 
(12. 8p has one even and one odd integer eigenvalues in the left-top sub-matrix. The Z 
and T operations conspire to lead to a single zero mode, called the Type II boundary 
condition. Through these procedures, one can list up all possible boundary conditions. 
Finally, we write down such boundary conditions in a unified basis. 

This recipe is easily extended to higher-dimensional theories, for example, the six- 
dimensional theory on the orbifold TVZ^ for = 2, 3, 4, 6§ The only difference from 
the present case is the form of consistency relations and mode expansion. 



3 Sz flavor symmetry 

We first consider the permutation group 5*3 as an example of flavor symmetry, which 
is the simplest non-abelian discrete group and has attractive features for flavor phe- 
nomenology [TT]. The 5*3 group is composed of six elements which are the identity /, 
two types of cyclic rotations i?, i?^, and three types of odd permutations P, PR and 
RP. They satisfy the characteristic relations for the 6*3 group: 

P2 = [pRf = r3 ^ I, (3.1) 

In addition to the trivial singlet, the ^3 group has two non-trivial representations, the 
doublet and pseudo singlet, the latter of which changes the sign under a permutation. 
Consequently, 5*3 has two types of (reducible) triplet representations: the triplet 35- and 
the pseudo triplet 3^. On the field space, the circulation matrices are commonly repre- 
sented on both triplets but the permutation matrices are different. They are explicitly 
written in the three-generation space by 

and their derivatives R^, PxR and RP^ {x = A,S). The parity operations Z, Z' are 
therefore given by P^, PxR, and RPx- Their representation matrices have the determi- 
nants and —1 for 3a and 3^, respectively. 

^See for various types of orbifolds in higher dimensions, e.g. |10j . 
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3.1 Vacuum alignment 



For a scalar 0^ in the 3^ representation, only Type I boundary condition is possible 
since the parity matrices on 3a have two negative eigenvalues. Let us consider the Z 
boundary condition associated with the twisting by Pa? i-e., 



!)A(-a; 



(3.3) 



The boundary condition with PaR or RPa is equivalent to that with Pa just by label 
exchange. The matrix Pa is diagonalized by the unitary transformation 0a = ^a0a: 



U\PaUa 



Ua 



/ ^ ^ 

-111 



(3.4) 



The diagonalizing matrix Ua has a freedom in that its left-bottom 2x2 sub-matrix 
is undetermined due to the degenerate eigenvalues. However that is irrelevant to the 
following discussion of zero mode physics. From (12. 7p (i.e. the consistency relation), the 
boundary condition with the translation T is found to be given by the matrix T = / or 
Pa- Either choice for T leads to the same zero-mode physics. It is found from the parity 
sign in (13.41) that only (f)\ has the massless zero mode with a constant wave function. 
It survives in four- dimensional low-energy effective theory and is expected to develop 
a vacuum expectation value. In terms of the original fields, the vacuum expectation 
values become 



i) = {Ua^a) oc (0,-1, 1). 



(3.5) 



Thus the vacuum described by 0a is determined discretely, that is, the vacuum alignment 
is achieved. 

For a scalar 05 in the 3^ representation, the Type II boundary condition is viable. 
Similar to the 0a case, the Z boundary condition is given by 



05(-x^) = PsM^')- 
The matrix Ps is diagonalized as follows (05 = Us4>s] 

1 



(3.6) 



uIPsUs 



1 



Us 



-1, 



1-11 

V3 V2 Ve 

1 n -2 

\73 ° 75/ 



(3.7) 
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The parity signs in (13.71) imply (pg and 0| could have massless zero modes. The Type 
II boundary condition further needs non-trivial T twisting (12. 8p or (12.91) . satisfying the 
consistency relation. It is easily found that, in the basis (13. 7p where Ps is diagonal, 
no 5*3 group element satisfies (12.81) . but the matrix R (and i?^) has the form (12.91) with 
a = —2i/3 [a = +2i/3). Therefore, imposing the T boundary condition 

(j)s{x^ + 27tL) = R(j)s{x''), (3.8) 

we find the mode expansion (12.61) with the translation matrix of the form (12.91) . and 
then obtain a single zero mode in (j)^. The vacuum expectation values of (ps become 

(05) = {Us^s) oc (1, 1, 1). (3.9) 

Thus the vacuum described by 05 is aligned to the specific direction. Notice that this 
direction is independent and physically different from that of (pA- They are not converted 
to each other by label exchanges. 

3.2 Illustrative model 

With the aligned vacuum at hand, it is an interesting task to construct realistic flavor 
symmetric theory for fermion masses and mixing in higher dimensions. In this section, 
we present an illustrative neutrino model based on the 5*3 flavor symmetry. 

Let us consider a six-dimensional model on the orbifold T^/ iZ^)^ . While a straight- 
forward application of the previous result leads to a viable five- dimensional model with 
the vacuum alignment, we here take a six-dimensional extension for Yukawa opera- 
tors and flavor symmetry invariance (see the last part of this subsection). All the 
standard-model fields including the Higgs doublet h and three-generation lepton dou- 
blets li [i = 1,2,3) as well as the right-handed neutrinos z/j are confined on the four- 
dimensional fixed point at = = 0. Besides the gravity, only standard-model gauge 
singlet fields can propagate in the extra space not to violate the charge conservations. 
We thus introduce gauge singlet five-dimensional scalars (pA and (ps, which induce effec- 
tive neutrino Yukawa operators. The five-dimensional fields (pA and (ps are extended to 
the fifth and sixth dimension, respectively. 

The bulk theory has the flavor 5*3 and parity symmetries (other than the parity 
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operation Z in the extra dimensions) under which the fields have the following charges: 





t 




y2 




h 


05 




^3 


35 










35 


3a 


z 


+ 


+ 




+ 


+ 




+ 


Z' 


+ 


+ 


+ 




+ 


+ 





(3.10) 



In addition to the kinetic and potential terms for each field, we have boundary interac- 
tions between the bulk and boundary fields, which give the effective Yukawa operators 
invariant under the fiavor symmetry: 

C^Y = iiivs^ij + y's^ij)4>Sji^2h + Ii{yASij + y'ADij)(t>Aji^3h ^ (3.11) 

where the ellipsis denotes higher-dimensional operators including ui and the bulk field 
wavefunctions are evaluated at the fixed point. These terms are described by two types 
of symmetry-invariant tensors: the unit matrix 6ij and the democratic matrix Dij where 
all elements are equal to 1. It is noted that the parameters i/j^ and obey the relation 
= —Sy'^, which refiects the fact that the tensor product 3^ x 3s contains only one 
trivial singlet. 

In compactifying the extra dimensions, the boundary conditions on the bulk scalar 
fields must be specified. Along the line discussed above, we impose the following condi- 
tions at the two boundaries of the extra dimension: 

M-^') = PaM^'), M^' + avrLs) = M^'), (3.12) 
05(-x6) = Ps0s(a;6), (Ps{x' + 2nLe) = RMx^), (3.13) 

and all the other boundary conditions are trivial (i.e., no n- twisted) . According to the 
general recipe, they result in a single zero mode in each 0^ and 05, and the aligned 
vacuum is found to be 

(0^) = a(0, 1,-1), (0s) = s(l, 1, 1). (3.14) 

The coefficients a and s involve the zero-mode expectation values and wavefunction 
factors evaluated at the fixed point where the standard-model fields reside. Substituting 
the scalar expectation values and integrating out heavy modes, we obtain the low-energy 
effective model below the compactification scale, which include the neutrino Yukawa 
couplings C = iiYijUjh + h.c: 

/O siys + 3ys) \ 
Y = lo siys + 3ys) ay^ . (3.15) 
\0 s{ys + 3ys) -ay J 

^ The right-handed neutrino vi may belong to Is if it has a large Majorana mass and is decoupled. 
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Further, the flavor symmetry induces the generation-diagonal form of right-handed neu- 
trino Majorana masses: Ly = v'^Mrv with Mr = diag(Mi, M2, M3). Implementing the 
seesaw mechanism, we obtain the Majorana mass matrix of light neutrinos 



Ml = mil 1 1 +m' 1 -1 , (3.16) 





M2 M3 ^ ^ 

This form of mass matrix is well consistent with the current experimental results. That 
is, it leads to the tri-bimaximal generation mixing [1] and the mass squared differences 
Am^i = 9|mp and Amig = 4|m'p, which indicate the normal hierarchy spectrum. 
A non-vanishing mass eigenvalue for the first-generation light neutrino and the devia- 
tion from the tri-bimaximal mixing are both generated by the corrections from higher- 
dimensional operators involving ui. The flavor symmetry implies these operators of 
the forms i(f)\i'ih and £0|z/i/i. Compared with the leading terms above, they are sup- 
pressed by {(f)A,s)/^ where A is the cutoff scale of the theory. Other higher- dimensional 
operators suppressed by the cutoff scale are reasonably made small in a similar way. 
The corrections to low-energy physics from Kaluza-Klein excited modes could also be 
insignificant due to some extra-dimensional property [12]. While we do not explicitly 
discuss the charged-lepton sector here, an example of charged-lepton mass matrix is 
presented in [8] where the right-handed charged leptons and a related scalar field are in- 
troduced in the four- dimensional boundary, and the induced hierarchy of charged-lepton 
mass eigenvalues realizes that the total lepton mixing is dominated by the neutrino tri- 
bimaximal mixing obtained above. Similar or more reasonable models might be available 
in a variety of scenarios which have been discussed in four or higher-dimensional theory. 

The twisting boundary conditions of scalar fields generally induce flavor-breaking 
Lagrangian terms on the boundary of orbifold. For 0^, it is easily found that the 
twisting (13.121) does not affect the induced Yukawa couplings Y (13.151) due to the aligned 
vacuum. On the other hand, for (ps, the flavor symmetry breaking could split the matrix 
elements in the second column of Y. That is ameliorated, for example, by treating (ps 
cLS cL SIX- dimensional fleld (and by exchanging the two boundary conditions at = 
and ttR). In this case, the flxed point where the standard-model flelds live respects the 
whole 5*3 flavor symmetry and so does the induced Yukawa operators. 
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4 A4 flavor symmetry 



The next example is A4 which consists of the even permutations of four objects. The A4 
flavor symmetry has been widely studied in the literature in view of the recent neutrino 
experimental data [13] . The group is composed of twelve elements generated by two 
fundamental elements P, R and their derivatives: PR, RP, R^, PR'^, PRP, RPR, R^P, 
RPR^, and R^PR. They satisfy the characteristic relations for the A^ group: 

p2 = {PRf = R^ = 1. (4.1) 

In addition to the trivial singlet, the ^4 group has three non-trivial representations, 
the triplet and two pseudo singlets (denoted as 1' and 1"), the latters of which are 
respectively multiplied by the complex numbers x ^i^nd under the R operation {x = 
^2m/3y rjj-^g representation matrices for the triplet are built up from 




The parity operations Z, Z' are written by P, RPR ^ and R ^PR. All their rep- 
resentation matrices have the determinants +1. The tensor product of two triplets 
= (<^i, 02, 03) and LP = (v^i, v?2, ^3) are given by 

X = (02V53,03V^l,0lV^2)3 + (03^52, 0lV53,02V5l)3 

+ (0lV5l + X02V52 + X^03V53)l", (4.3) 

where the suffices denote the A4 representations. 
4.1 Vacuum alignment 

Let us consider a bulk scalar in the triplet representation of A4 symmetry and examine 
the boundary conditions which leave a single zero mode in four-dimensional effective 
theory. 

It is first noticed that, if the extra space is one dimensional, only one type of such 
boundary conditions is found to be allowed for A4 symmetry. This is the Type I bound- 
ary condition with T = I and Z ^ I. In the basis that the parity representation matrices 
are fiavor diagonal, the other group matrices involve the rotation R and do not take the 



11 



form (12.71) . i.e, they do not satisfy the consistency relation among the fifth-dimensional 
operations. There is no possibility for the Type II boundary condition since the A4 
group matrix elements have the determinants +1 which implies an even number of neg- 
ative parity signs in each matrix. In this way, we find only possibility to have a single 
zero mode is T = / and Z ^ 1. However, with one type of boundary conditions, we 
obtain only one type of alignments, which is not compatible with rich flavor structure 
of quarks and leptons. This fact leads us to introduce two spatial extra dimensions for 
the A/^ flavor symmetrylf] 

Unlike the five-dimensional theory, there are several different ways to compactify the 
extra two-dimensional space on an orbifold. In this section, we consider the T^/ (Z2 x Z3) 
(~ T^/Zg) orbifold. It is however stressed that the result obtained below is also appli- 
cable to T"^ /Z2 and T"^ / orbifolds because the Z2 and Z^ orbifolding are independent 
as will be seen. It is useful to denote the extra-dimensional coordinates (x^,a;^) by a 
complex one z = + ix^ . The extra-dimensional space has four types of operations; 
the translations T and T', the reflection Z2, and the rotation Z^. They act on z as 

T : z ^ z + 2ttL, Z2 : z ^ —z, 

f : z ^ z + 2nLx, Z3 : z ^ x^, (4-4) 

with X being the cubic root of the unity (x = e^'^*/'^). The T"^ /Zq orbifold is obtained by 
the identifications with these operations. The Z2 parity has the four fixed points z = 0, 
7tL, ttLx and ttL{1 + x)- The Z3 action leaves the three points z = 0, (1 + 2x)/3 and 
(2 -|- x)/3 unchanged. Therefore the T'^/Zq orbifold has one fixed point at the origin 
z = 0. We will later consider that the standard model fields live on this four- dimensional 
fixed point. On the field variables (f){x^, z), the compactification is performed with the 
identification; 

(j){z + 27TL) =T(j){z), (j){-z) = Z2(f){z), 

<P{z + 2'kLx) = T'<j){z), (Pixz) = Z, (f){z), (4.5) 

where T, T' and ^2,3 are the triplet representation matrices of ^4 group. 

It is important that these matrices should satisfy several consistency relations asso- 
ciated with the property of orbifold. From the transformation rules fl4.4l) . we find the 

•^An alternative is to consider additional flavor symmetry acting on bulk scalar cj). In particular, if cj) 
is a negative parity under an additional bulk symmetry, the odd number of negative parity eigenvalues 
is possible with boundary conditions involving this parity twisting. In this case. Type II boundary 
condition is also viable within five-dimensional theory. 
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following independent relations for the T'^ jZ^ orbifold: 

Z2Z3 = Z3Z2, (4.6) 

{Z<,f = {Z^Tf = [Z^T'f = 1, (4.7) 

TT = T'T, (4.8) 

{Z,f = {Z,Tf = 1, TZ, = Z;T'. (4.9) 

The first relation means that Z2 and Z3 are commutative and their representation ma- 
trices are simultaneously diagonalized. The second line implies that, like the S^/Z2 orb- 
ifold, other forms of parity operations are constructed which are the reflections about 
the Z2 fixed points. The last two types of relations are characteristic for six-dimensional 
theory. It is interesting that these consistency relations rather reduce the number of 
possible boundary conditions. We find that only two types of non-trivial boundary 
conditions are viable in the theory on T'^/Zq: 

(i) Z2 = P, Z3 = T = T' = I (4.10) 

(ii) Z3 = R, Z2 = T = T' = I (4.11) 

where the matrices P and R are given in (14. 2 p and / is the unit matrix. The other sets of 
matrices with exchanging generation labels also become the solutions. It is noticed that 
any non-trivial boundary condition associated with the translations is not allowed. The 
above classification of boundary conditions is general and valid for any flavor symmetry 
unless it has non-trivial commutative matrices A and B which satisfy = = 1. 

For the boundary condition (i), i.e., (f){—z) = P(l){z), it is easily found from the 
matrix form (14.21) that we have a single zero mode in (pi due to a positive parity. The 
zero mode has a constant wavefunction profile. Then the vacuum expectation value 
becomes 

(0) oc (1, 0, 0). (4.12) 

On the other hand, the boundary condition (ii) is explicitly written by 

(Pixz) = R<Piz), (4.13) 

and the other conditions are trivial and do not affect the physics. It is convenient to 
write the matrix R in the diagonal form (0 = Ur 0) 

1 \ /I X X^' 

Uj,RUn = I X , Ur = ^{1 x\- (4.14) 
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The eigenvalues obtained in (14.141) indicate that only (pi has a zero mode with a flat 
wavefunction. The vacuum expectation value of the original field thus becomes 

(0) oc (1, 1, 1). (4.15) 

Therefore the alignment of vacuum is established, similarly to the flavor theory in 
five dimensions. 

We also have the vacuum alignments on other types of orbifolds T"^ /Z^ with = 2, 3 
and 4. For T'^jZ^^ the consistency conditions are a fewer sets than for T"^ / Zq, i.e. 
(14. 7p - (14. 8 1) . Therefore in addition to (I4.10p we generally have another solutions for the 
consistency conditions and one surviving zero mode. The most general solutions for 
T"^ / Z2 are given by Z2,T,T' = 1 or P (and those with label exchanges). It is noticed 
that the aligned vacuum is not affected by this wider possibility of twisting and is 
given by (14.121) . The same is true for the T'^/Z^ orbifold. The consistency conditions 
are (14. 8p - ( 1491) and the general solutions for these are given by Z3,T,T' = 1 or i? (and 
those with changing labels and phases). The light-mode physics is not altered with these 
choices of boundary conditions and the aligned vacuum becomes (I4.15p . Finally, for the 
T^/Z4 orbifold, the independent consistency conditions are (^4)^ = (Z|T)^ = 1 and 
TZ4 = Z4T'. For the A4 symmetry, the general solutions are given by Z4, T,T' = 1 ot P 
with T = T' (and those with label exchanges) which leave only one zero mode in low- 
energy theory. The vacuum alignment is the same as that on T"^ / Z2. 

4.2 Illustrative model 

We apply the above result for the flavor symmetry to constructing of an explicit 
orbifold model for lepton masses and generation mixing. Similarly to the model in 
the previous section, a higher-dimensional extra space is introduced for flavor symmetry 
invariance, while the vacuum alignment itself is viable in lower dimensions. 

Let us consider an eight-dimensional theory on the orbifold T"^ /Z2 x T"^ /Z-^. The 
standard-model flelds are assumed to live on a flxed point of the orbifold, which we here 
choose the origin of extra-dimensional space. The three families of left-handed lepton 
doublets £j transform as a triplet of while the right-handed charged leptons ei, 62, 63 
are assigned to three different singlets, 1, 1', 1", respectively. We introduce two gauge- 
singlet bulk scalars and 0' of the triplet representation, which give effective Yukawa 
and mass operators for leptons in low-energy theory. The flfth and sixth dimensions 
are compactifled on T"^ / Z2 and the seventh and eighth ones on T'^/Z^. The scalars 
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and (f)' live on T'^ /Z2 and T'^ /Z^,, respectivelyjf] The basic building block is the same 
as the models presented in [3]. The bulk theory has the flavor A/^ and Z3 symmetries 
(other than the operation Z3). The field content and the fiavor-symmetry charges are 
summarized below: 

' ei 62 63 /i ?7 



^4 

z 



3 1 1' 1" 1 1 

X X X X ^ X 



3 3 (4.16) 

X 1 



Here h and 77 are the electroweak doublet and singlet Higgs fields, respectively. We have 
boundary interactions between the bulk and boundary fields which are invariant under 
the fiavor symmetry: 

Cy = yieii(j)h + y2e2(j)'ih + i/sCsf^'/i + Wi(f)'Fih'^ + W2V^ih'^ + ■ ■ ■ , (4.17) 

where wi^2 and j/1,2,3 are the coupling constants and the wavefunctions of bulk scalar 
fields are evaluated at the fixed point on which the standard-model fields residejfl 

To fix the model, the boundary conditions for bulk fields must be specified. According 
to the result obtained in the above, we have the following non-trivial boundary conditions 
on the scalar fields: 

^i-z) = P^{z), (4.18) 
cP'ix^') = R^'i^'), (4.19) 

where z = + ix^ and z' = x'^ + ix^, and the other boundary conditions are trivial. 
Under these conditions, the previous analysis says that the zero modes are found in 0i 
and (f)[ + 02 + 03 which develop the expectation values of the form 

(0) = a (1,0,0), (0') = a'(l, 1, 1), (4.20) 

in low-energy effective theory below the compactification scale. It is noticed that these 
aligned forms of expectation values were required in the models of Ref. [5]. Inserting 
the scalar expectation values in fl4.17p . we obtain the operators for charged-lepton Dirac 
masses and neutrino Majorana masses; Cm = (^i{Me)ijij + (.1{My)ijlf 

yi yi \ fw2h \ 

Me = a'v I 2/2 xh2 Xy2 , Ml = v^i W2b Wia , (4.21) 
XVs X^Vz \ wia W2h 



''The T"^ jZi orbifold can be replaced with jZ2- In this case, we consider a seven-dimensional 
theory compactified on /Z2 x T"^ /Z^. 

^For the mode expansion on the T"^ /Z^ orbifold, see for example Ref. [M]. 
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where v = (h) and b = {t]). These forms of mass matrices are known [3] to be well 
fitted to the present experimental values. The lepton generation mixing is exactly given 
by the tri-bimaximal mixing. The neutrino mass eigenvalues are predicted as Am^i = 
—Iie[wia{wia + 2w2b)]v'^ /2 and Amg;^ = —4Iie{wiW2ab)v'^ . The hierarchy of charged- 
lepton masses is proportional to that of yi. It may be implemented by, for example, 
the Froggatt-Nielsen mechanism [15] or extra-dimensional scheme [16], where the three 
right-handed charged leptons have different properties. 

Finally, we comment on the boundary conditions fl4.18p - fl4.19l) and the symmetry 
invariance of the boundary Lagrangian Cy- As mentioned before, the consistent bound- 
ary conditions for T'^/Z2 and T'^/Z^ have wider possibilities than fl4.10p and (14. lip . An 
important point is that the vacuum alignment itself is not affected by such choices of 
twisting as long as the light-mode physics is concerned. This fact can, in turn, be utilized 
to protect boundary terms by the flavor symmetry. Namely, flavor symmetry breaking 
occurs within the hidden sector which is separate in the extra-dimensional space from 
the visible sector where the standard-model fields reside. Such boundary conditions are 
given, for example, by Z2 = 1 and T = T' = P for T"^ /Z21 and Z3 = 1 and T = T' = R 
for T'^/Z^. Bulk scalar fields interact both of these sectors and induce effective mass 
operators by connecting up the symmetry-invariant terms on the visible boundary and 
the aligned vacuum expectation values on the hidden boundary. 



5 Summary 

In this paper we have presented the scenario for breaking flavor symmetry with Scherk- 
Schwarz twisted boundary conditions on bulk scalar fields, where only one zero mode 
from multiple scalar fields survives in low-energy effective theory. For non-abelian dis- 
crete flavor symmetry, the vacuum alignment is shown to be achieved, that is, the 
symmetry-breaking expectation values of these scalars are aligned to definite directions. 
This implies that flavor symmetry in the high-energy regime can leave some imprints to 
the low-energy regime and provides a viable explanation for the fermion mass problems. 
Our scheme of vacuum alignment needs no elaboration of analyzing complicated scalar 
potential which generally involves multiple scalar fields and requires extra symmetries 
to realize the vacuum alignment. 

As applications of our approach, the S3 and A4 flavor symmetries are considered in 
five and six dimensions compactified on the / Z2 and T'^ jZ^ {N = 2, 3, 4, 6) orbifolds. 
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and possible types of boundary conditions are classified. Further we have constructed 
explicit models for lepton masses and mixing, and shown that simpler setups lead to re- 
alistic phenomenology such as the tri-bimaximal generation mixing of neutrinos. Other 
possibilities including the quarks sector/grand unification, curved gravitational back- 
grounds, geometrical origins of flavor symmetries in extra dimensions [T7] and so on will 
be investigated in future study. 
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